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A B S T R A C T

A narrow band wave spectrum was a p p l ied to theoretica l

r e l a t i o n s h i p s  p rev i o u s l y develope d for set down and set up

in an attempt t o f i n d  second order non—steady s o l u t i o n s

for these concepts . The in i t i a l  effort was to a p p l y  t h i s

spectrum to the ra di a t i o n  stress tensor us i n g  l i n e a r  wave

theory. Another development was attempted by incor Dora t ing

the spectr um and the so l u t i o n  of the long wave equa ti on in—

to the Be r n o u l l i and vertica l momentum equations. Results

o btained i n d i c a t e  that the s o l u t i o n  for mean water level

outsi de the surf zone is ccmposed of a steady component and

a pe r i o d i c  unsteady component; the p e r i o d i c  component be i n g

of the form of a long wav e w i t h  a frequency ower than the

components of the wave spectrum. The so l u t i o n  for set up

is then compose d of the same type components. The exact

relationsh ips depend on the pat ching process t h a t  i s made

for the s o l u t i o n s  throu gh the breaker I m e .
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I. INTRODUCTION

M o s + of t h e  o b s e r v a b l e  p h e n o m e n a  a l o n g  a co a s t l i ne a r e

t h e  d i r e c t  r e s u l t o f t h e  a c t i on  o f  t h e  i n c o m i n g  w a v e s ,

waves w hich be gin in most instanc e s as a disorganized con-

fused state of the ocean surface , prod uced by a storm far

at sea. In their transit across the vast expanse of the

• ocean , t hey  beg i n to so rt the m s e l v e s  out a n~ form a somewn a t

reg u l a r  o s c i l l a t i o n  of the ocean surface , t h e l o w er ~rec u en—

cy osc i l l a t i o n s  t r a v e l i n g  faster and thereby l e a d i n g  the

tra in. T his train e v e n t u a l l y  ends by encountering a ceac~’,

where its energy is expended in the form of c r e a k i n g  waves .

Since it is t his aspect of tne Nave ’s l ife c ycle that

in f l u ences  m an t h e  m o s t , cons i d e r a c l e  e f f o r t  has  been ex-

pended  i nv e s t i g a t i n g  n h i s  a r e a . Among o ther  e f f e c t s , i t  •nas

been o b s e r v e d t h at wa v es , i n tn e p r o c e s s  o~ shoa l ing and

eventua l b r e aking, pr od uce a v a r i a t i o n  in The mean sea lev e l .

T h i s  v a r i a ~~ion in  sea l e v e l has  been c o n s i c e r e d  as the ~ n i —

mar / cause for suc h nearsnore curren t s as ri p cur~ ents. The

sea surf ace va r i a t i o n  consists of: (a) a gr a a u a l  depres s~ or

of the mean sea leve l  b e g i n n i n g  offshore and reachin g a maxi-

mum a+ the breake r l i n e  and (b) in s de the su r f zone a sl o ce

of mean sea lev e l  w h i c h  ncre ases an d extenas shoreward to

a p o i n t  ~n the beach h i g h e r  than the s t i l  water l i n e .  ~be

depression is termed set Oown and ~he slo p e  is c a l l e d  set uo .
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It is reasonable to expect that var iations in the amount of

set down or set up along a beach can prov ide the head to

produce a current.

Previous i nvestigations have considered steady s~~ate

sol utions. Experimenta l results obtained by both 3owen

[1967] and Van Dorn [1976] agree qu i t e  favo rably with ~he

steady state solut i o n s  produced by L o n g u e t — H i g g i n s  and

Stewart 1 962 usin g  l i n e a r  wave theory.

• Th i s  i n v e s t i g a t i o n  considers an a p p l i c a t i o n  of a s i m p l e

wave spectrum to the e x i s t i n g  theories in an attempt to ob-

ta in a non—s teady s o l u t i o n  for the set down and set up

pheno mena. An opening chapter on background is o rovided to

ens ure the necessary u n d e r s t a n d i n g  of the e x i s t i n g  theor ies

and the ir development . Inc l uded is a section on the de v e l o o—

m ent o f  t h e “ r ad i a t i on s t r e s s  t e n s o r ” , a conceot w h i c h  was

p roved useful by L o n g u e t — H i g g i n s  and Stewart l9621: i n

treat in g the s h o a l i n g  process of waves.

Chapter I l l  d e a l s  w i t n  the a p o l  i cat i on o f  a s i m p l e

spectr um to the d e r i v a t i o n  of set down and Set jo. F i r s —

order l i n e a r theory and f i r s t crder tneorv i n c l ~~d i n g a s l o o —

Hg bottom are used to desc n i c e tne soec n~~i wave com~ onent s.

The fi n a l ch ap~~ers con c l u d e  w i t h  a com p arison o~ the stead y

s tate  so l u~~i cn s produced by the ear l ier wor k an o tne unstea dy

results obtained here. The n u m e r i c a l  res u l t s are co~~carea

w i t n  tre re s u l t s  for the steady case g i v e n  o~’ Sowen 95T~~~

13
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I I  . BACKGRO UN D

Changes i n mean s~ a l e v e l  n e a r  a s ho re l i ne h a v e  b ee n

stu died both t h e o r e t i c a l l y  and e x p e r i m e n t a l l y .  •A tn eoret i—

cal f ramework was formulated by Long u et—Hi g g i n s  and Stewart

1962 , 1963 , 964] wh i c h  d e a l t  w i t h  the excess momentum

f l u x  due to the presence of unsteady wave m o t i o n  and w h i c .n

they termed “r a d i a t i o n  stress ’. Lo nguet — H i g g in s  and

Stewart were a b l e  to def ine many of the shoal Hg effects of

a tra in of waves i n c l u d i n g  wave set down and set un u~~~I i Z—

i ng  t h is  r a d i a t i o n  s t r e s s  c o n c e p t . T h i s  c h a p t e r  r e v i e w s

the development of the r a d i a t i o n  stress tenscr and it S  re-

la t i o n s h i p  to the conceots of set down and set uo . It a l s o

i n c l u d e s  a direct approach use c by Lon gue~~— H i g g i n s  ! 96 7  to

derive a n expression for set down u t i l i z i n g  tne v e r t i c a l

momentum e q u a t i o n  and  the Be rnou l l i  e q u a t i o n .

A . DEVELOP MENT O F THE R A D I A T I O N  STRESS TENSOR

Since the approach of L o n g u e t — F i g g i n s  and Stew art iS

rather lengthy and tends to cbsc u re the conce o~~s i n v o l v e d ,

the later and more systematic approach by Phi l i o s  l9 66 is

used. The development of the r a d i a t i o n  stress tensor ar~

he r e s u l t i n g  phenome n a of set down and set up is keo t as

gene ral as o o s s i b l a .  The coor~~Ha te s’,stem is g i v e n  by

F i g u r e  (I )  wher e the x — a x i s  is p e r p e n d i c u l a r  to ~ he snore ,

the y—a x i s  is oara l el ~ o the snore , and tre :—axis is

ii
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v e r t i c a l l y  upward from the s t i l l  water lev e l .  The govern-

ing equations are the continuity equation and the hori-

zonta l momentum equations.

The co nt i n u i t y  equation is g iven by

3pu.
i l , 2 (I )

where I , 2 re f e r  to t h e  x , y components. The horizonta l

veloc ity u . is composed of a mean flow component , U~~, and

a f l u c t u a t i n g  component  r e p r e s e n t i n g  the  d e v i a t i o n  f r om

mean flow , u . ‘ , s u c h  t h a t  u
~ 

U~ + u~ ‘ . S i n c e  t h e r e  i s

no mean flow  in the ve rt i ca i , w = w ’ . M u l t i p l y ing the con-

t i n u i t y  equation by u
1 and  add ing t h i s  r e s u l t  to the  hori-

z o n t a l m o m e n t u m e q u a t i o n

~u .  ~u. ~u.
p .~~_L + pu .  .~__L. + p w .~~._!. — .~_2.. + R

~ 
(2)

prod uces

~u. ~p u .u. 3Q ~~• W
u + = — —— + R .  (3)

~x. ~z ~x.
~.1

I ntegr ating over depth from — h ~o r~, using L e i b n i t z ’s rul e

and a p p l y i n g  the kinematic free surface and bottom ooun da ry

con d i t i o n  y i e l d s

~ ~~~i J p u i u . d :  + f p d z
~~ 

~ — h ~ ( h )  
= R . •

13
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By t ime averaging this equation term by t e r m an d by m a k i ng

the fo l l o w i n g  def i n i t i o n s

~~ 

~~~~ 

= pU
~~
(
~ 

+ h )

• M . =

—

M . = M .  + M .
I I I

R~. M.
• U . = —

_ 
= U .  + I

p (q + h) I 
p (~~~~+ h )

the f o l l o w i n g  expr e s s i o n  i s  o b t a i n e d :

11 
M . M .

at ’  
+ 

~~~~~~~

. ~~ i~~i +f u~~’u~~’ + P~~1~~~
dz - 

p(~~~+ h )

— . pg (~ + h)
~~~~

}

= T 1 + R. • = 0 for i # j (5)

= I f o r  i j

T h e f i r s t  term on t he l e ft han d s id e i s t he l o c a l c h a n g e  i n

horizonta l momentum f l u x .  In the braces , the fi r s t  term

represents the momentum f l u x  produced by t h e s t e a d y sta te

f l o w .  The l a s t  t h ree  te rms  in the b re v5 c o n t a i n  a l l  the

un s t e a d y  c o n t r i b u t i o n  to the m o m e n t u m  f l u x  w i t h  he n i d r o —

Stati c effect su btracted out ; t h i s  is the momentum f l u x  due

F
14
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• to the unsteady motion or the excess momentum f l u x  referred

to a s  t he  r a d i at i on s t r e s s  t e n s o r :

S . .  = [[pu 1 ’
u . ’+p~~ .]dz - 

M~ M~ 
- 

~~~ 
P g ( f l + h ) 2 6

~‘ J  J p(~~+h)
—h

(6)

Equation (5) is then s i m p l i f i e d  to

at ~
‘i 

+ 5~ . ~~ i~~i 
+ S~~~

} = T
~ 

+ R.  ( 7 )

T
~ 

represents the horizonta l fo rce produced by the slope of

the f ree s u r f a c e  a n d i s g i ven by

• T
1 

= — pg (~~+h) 
.~.fl . (8)

Outs ide the surf zone it is assumed ~ << —h and (8) reduces

to

T. = — pgh -~~~~~ . (9)

R . is the averaged and inte grated f r i c t i o n a l  stress term .

These  e q u a t i o n s  a re  g e n e r a l  ana  a e p l y  to a l l k i n d s  of s t e a d y

an d unsteady motion. The o n l y  s i m p l i f y i n g  assumption is

that mean flow is u niform over depth. The advantage o~ us-

in g the “ra d i a t i o n  stress ” technique to solve p hysica l prob-

lems is that the second order effects are obtained u s i n g

f irst order theory.

B. WAVE SET DOWN

To present the concept of set down , c o n s id er  o n l y ~he x—

component of horizontal m o m e n t u m  f l u x  equation (7) w I + h

b 15



I
waves that propagate shoreward fro m deep water w i t h  their

crests making an arbitrary a n g l e  ct wi th the shoreline. F o r

s i m p l i c i t y ,  t he bo t tom i s  a s s u m e d to b e c o m p o s e d o f p a r a l l e l

contours so that gradients in the y— direction are zero. The

bottom slope is a l l o w e d  to vary onl y g r a d u a l l y  so t h at

energy reflect ion from the shore may be neglected and the

shoa l in g effects caused by changes in the bottom can be con—

sidered in a step—I ike fashion. By ne g l e c t i n g  the f r i c t i o n a l

ef fects and assuming that any current grad i e n t  in the x—

d ir ect i on i s s m a l l , (7) can be written for outside the surf

z o n e  as

— as• x a n. .  xx
• + pg~i - — ____

Since (10) is an equ at icn in t w o  unknowns CM and ~
) ,

a second equation is required for a s o l u t i o n . To o rovide

it , t h e con ti nu it y e q u a t i o n , (H , i s ve r t i c a l l y  i n t e g ra te d

• over dep th by the use of L e i b n i t z ’s rule. T h i s  produces the

conserva tion of mass f l u x  equation as given by P h i l l i p s

[l966] where gradients in the y — d i r e c t i o n  are zero.

0 .  ( I I )

U ti l i z i n g  l i n e a r w a v e  t h e o r y ,  the r a d i a t i o n  stress tensor

is p r oportional to the sau are of the local wave a m p l i t u d e , a ,

o r to the tota l energy. Therefore , f o l l c w i n g  the met hod o~

Long uet— H i gg i n s  a n d  Stewart l 9 6 2 J ,  the a p p l i e d  force o- the
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system travels with the speed of the energy, i.e., a t  t h e

g r o u p  v e l o c i t y ,  C
g~ 

Hence the tra nsformation a /a t  +

C
g 

a/ax = 0 can be a p p l i e d .  Equations (lO ) and ( I I )  become

3M — asx xx
— C

9 
~~— ÷ pgh -

~~
-
~~~ 

= — 3x (12 )

3M -

x 3fl— — c = 0 , ( 1 3 )g x

fo r  w h i ch t he s o l u t i on i s

— as
— 

I I 
____  (14)— 

~ (gh — C
9

2
) ax

or on i n t e g r a t i on

- I  I 
. ( 1 5 )

p 2 xx
(gh — C

9

S i nce  c
g
2 

-+ gh in s h a l l o w  water , equation (1 5 ) is a non—

stea dy state s o l u t i o n  w h i c h  i m p l  ie s that the mean water

l e v e l  i n c r e a s e s  negat i v e l y  w i t no u~ b o u n d as the wave moves

into s h a l l o w  wate r. The e x p l a n a t i o n  offere a by Longuet—

H i g g i n s  and 5tewart [1962] for t h i s  apparent resonant condi-

tio n is that its effect takes time to bu i  !d and the energy

invo l v e d  is d i s s i p a t e d  p r i o r  to it reaching an’i s i g n i f i c a n c e

by the br e a k i n g  of the wave.

By i m p o s i n g  steady state c o n d i t i o n s  and d e s c r i b i n g  tne

unstea dy motion u s i n g  l i n e a r  wave theory , L o n g u e t — — i g c i n s

and Stewart [l962 subsequen t!i ieve l o o ed the f o I l o w H ~ s i u—

at  i o n  f o r  ~ :

—
- I 

_ _ _ _ _ _Ti — — 
2 s i nh :~~n (16 ,

17



This is a second order equation in terms of the loca l depth ,

a m p l i t u d e , and wave number. It is apparent that as the wave

tra in approaches the point of breaking, r~ decreases and there

is a set down of the mean water le v e l .  The set down in-

creases to the po int where the wave breaks and other assump-

tio ns regard ing 9 must be app l i e d.

Longuet—Hig g ins [1967] also derived this solution in

a nother manner without referring to the rad i a t i o n  stress

te rm . By integrating the vertica l momentum equation over

depth and time averaging , the total ave rage vertical momentum

i s  o b t a i n e d :

— — 2  —
(p — pw 

~z O  — = 0 . ( 1 7 )

A second eq uation used is B e r n o u l l i ’ s integra l

P + ~ 
P (u

~~
2 + U

y
2 

÷ w 2 + pgz ÷ p -~4 = 0 , (1 8 )

with the restriction that the flo w  be irro fationa L By set-

ti n g  z = 0 and time averaging, (IS ) becomes

~ z O  ÷ 
~~x

2 
÷ 

~y
2 

÷ 2

~~z=O 
÷ c = 0 • (1 9 )

where C is at most a constant. From (17) and (1 9 ) , 
~~~~~~~~~ O

can be e l i r n i n a t e d  g i v i n g

— 1 1 — 2  — 2  —2 -
~~

- (u
x 

+ u y 
— 

~ ~z o  ~ 
= . (~~O)

18
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From t h i s , the difference In mean sea level is obta ined at

two different points (x l ,  y 1 , 0) an d (x 2, y 2 , 0) thereby

e l i m i n a t i n g  the constant C,

= — 

~4 ~~x
2 

÷ 
~y

2 
— 

2

~~z O ~~ 
(21 )

The ve l o c i t i e s  are expresse d a p p l y i n g  l i n e a r  wave theory us—

in g the f o l l o w i n g  r e l a t i o n s h i p s :

a o  cosou = . cosh K(z—h)co s (kx ’—at+c)x sI fl h kh

u = ~~~
5’
~~a COSh k (z—h )cos (kx ’—at+e) ,(22)y s i n h  Kh

• •
W = 

s i n h  kh ~~~~ k (z—h )sin (kx —at+c)

where x ’ = x cOs~ + y s i n~ an d c denotes an arbitrary con-

stant phase angle. S u b s t i t u t i n g  equations (22) into the

ri ght ha nd side of (21 ) y i e l d s

2 2
I • — 2  — 2  — 2 .  ~~ a—~~u + u  — w  ) ,2g x

4g s i n h  ~ch

and the difference in mean sea level is then obtained as

2
= - 

2s i n h 2 k h ~~2 . (2~~)

a
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By assuming the point (x 2, y 2 ,  0) is in i n f i n i t e l y  deep

water so that = 0, the value for ri at the po i n t  •x 1 , 
~ l’

0) becomes

2
— a k= — 

2 s i n h 2 k h  • (25)

This solution is very si m p l e  and straightforward , wi t h the

same assumpt ions as before a p p l y i n g  to the bottom slope

an d loca l depth h. This s o l u t i o n  is plotted in F i gure (2)

with the strong correlation to laboratory results g i v e n  by

Bowe n , lnn m a n , and Simmons [l 9~~e].

As waves pro gress sh .oreward they travel from deep water

to sha l l o w  w a t e r . The t r a n s it i o n  in  tne l i n e a r  equation

can be made by u t i l i z i n g  the conservation of energy f l u x

(E • c
9 

= constant) . However , when a wave app roaches the

po int of bre a king , the wave steepens beyond that a l l o w e d  by

l i n e a r theory an d another approximation must be made . It

is assumed that at break i n g

H b = y h b , ( 2 6 )

where y is a proportional ity constant w h i c h  is g e n e r a l l y

ass umed to be equal to 0 . 7 3  b o r r o w e d  from s o l i t a r y  wave

theo r y. Then the mean sea le v e l  de oress io n at  the  b r e a k i n g

p o i n t , 
~ b ’ 

i s  g i v e n  by

- - ‘
~~~H- - l 6  b

20
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C. SET UP

Set up is a p henomen on that occurs in th~ sur f zone

s horeward of the breaker l i n e .  Because energy decreases

shorewar d in t h i s  zone , a d i f f e r e n t  f o r m u l a t i o n  f o r  the

wave amp i it ude must be used than the local v a l u e  used be-

fore. It is assume d that the breakers being considered

are of the s p i l l i n g  type w h i c h  retain their harmonic charac-

te ristics and g r a d u a l l y  decrease in a m p l i t u d e  as they

progress shoreward such that wave he i g h t  is de f i ned by

H = -y(r l + n ) , (28)

?4here y is the p r o p o r t i o n a l i t y c o n s t a n t  i nt rod u ce d e a r l i e r .

Aga i n by n e g l e c t i ng f r i c t i o n a l  ef ~~ects , cons i d e r i n g  o n l y

x—d irection motion , a nd by assuming that any current gra-

di e n t s  i n  t h i s di r e c t i o n  a r e  s m a l l , eq uation (7) y i e l d s

as —

xx  
= — pg (~ + h) ~~~~~~ . (29)

~here it cannot be assumed that ~ << h. In  T h i s  e q u a t i c n ,

can oe d e te rmin e d by u s i n g  I i near wave tneory and he

s h a l l o w  water a p p r o x i m a t i o n  g i v i n g

S = !E ,xx 2

w n i c n  i n s i d e  the sur f zone is e c u i v a l e n t  to

Sxx = i% pg’y
2
H + r~)~~



By assuming stea dy state con d i t i o n s , (29) can be written as

Since energy decreases shoreward , i t  i s  e v i d e n t  t h at  r~ in-

creases an d produces a set up effect. S o l v i n g  for n

= — kh + C ,

w h e r e

k =  I
1 +

3
1
2

By ap p l y i n g  the va l u e  of 9b 
a t  t h e  b r e a k e r  l i n e , t he con-

stant C can be el im inated and

11 = k (h
b 

— h ) ÷ 
~ b 

(30)

W here a beach has a constant slope g iven by h = mx , t he set

up also has a constant slope proport ion a l  to the beach slope .

It s hould be noted that the s i m p l e  s o l u t i o n  obtained by

a p p l i c a t i o n  of B e r n o u l l i t s integra l o u i s i d ~ he b u r r  d one

is not a p p l i c a b l e  since the motion is no longer i r r o t a t i o n a l

i n s i de the surf zone.

I - 
~~~~~

•- 
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I I I.  A P P L I C A T I ON OF  A N A R R OW B A N D  ~A V E
SPECTRUM TO THE EXISTING THEORIES

The expressions just considered were mace as gene ral as

p o s s i b l e  in order to afford a s i m p l e  p h ysica l u n d e r s t a n d i n g .

O n l y  a mo n o c h r o m a t i c  w ave  t r a i n w a s  c o n s id ered  on d o n l y

stea dy state solutions were a l l o w e d .  In t h i s  chap ter , un-

steady terms are introd uced into these expressions by c o p l y —

ing l i near wave theory in the form of a s i m p l e  two fre cuency

com ponent wave spectrum s imu l a t i n g  a narrow band wave

s p e c t r u m . In t h i s  manner an unsteady secon d order ex ?ress ion

f o r  t h e  m ean  w a t e r  l e v e l , 9, is derived. Next , usin g  t h i s

s i m p l e  s pe c t r u m , a n o t h e r  sol u t i o n  f o r  r~ i s  derived using

Longuet—H igg i n s ’ a p p l i c a t i o n  of the B e r n o u l l i  equation . Then

by incorporat ing this spectrum into Iwagak i’ s f i rst or d er

sol ution for a s l o p i n g  bottom [1972] and a p p l y i n g  the Longue t—

H i g g i n s ’ app roach , a t h i r d s o l u t i o n  for Tl is o b t a i n e d .

~ i n a l  l y ,  the a p p l i c a t i o n  of the spectrum to the set up

pne n omen on i n s i d e  the surf zone H ccn n s i c~ere d.

A . WAVE SET DOWN

C o n s i d e r  a s i m p l i f i ed w a v e  s p e c t r u m , s o e c i f i c a f l y co ns i s t —

i n n  of  t w o  w a v e s  w h i c h  h a v e  n e a r l y  t n e  s a m e f re qu e n c y a n d

wave number such that 0 — 0
2 ~0, and k 1 

— k
2 

= ~ k are very

s m a l l .  A l s o  f o r  s m p H c i t y  a l l o w  t ne i r  r e s o e c l i v e  a n o l i j d e s

to be i d e n t i c a l a nd e c u a l  to —
~~
-. . Th I s amp l i t u d e is :bcsen

in ord er that the varian ce of the s i m o l e  wave sp ectrum and
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the variance of a monochromatic wave a m p l i t u d e  are the same .

The wave components are to be a dded l i n e a r l y  such that the

p a r t i c l e  v e l o c i t i es b ecome u u~ + u2. I f  the  f i rst  or d e r

velo cit y potenti a l is g iven l o c a l l y  by

= - 
ag cosh k (h+z) 

sin (k •x. - at) , i = I , 2

/~ ck cosh  k h I I

(3 1 )

w here k. is used to indicate d i r e c t i o n , i.e. k /k = cosc~
and k

y / k  = s i n~~, t h en i n  g e n e r a l  u
~ 

= — 

~~~~~~ 

or

u. = 
ag cosh k(h +z) cos (k .x • - ~t) . (32)I ~~~~~

- k cosh  kh I

• S ince u . = u. + u.  i n  t h i s  c a s e , u . becomes
‘ I 2

K . 
cosn k (h+:)ag I 
_______________= ~~~

- c c s h  k 
— _ C S ~~~K .  X~ —

k. cash  k n (fl
~~

O )
+ ~~~~~~~~~ ~osLc . x .  — a t) . (33)c o s n  ~ n , 2

S i n c e  k
1 

— k2 
= ~ k and 0 1 

— 0 2 
= 

~a, the s u b s c r i p t s  may be

dropped and (28) can oc w n i t ± e n as

ag k
1 co sn c (n+ :)

u. = cos (K.x. — at)
c 

k c o s n  ~n

K . + k .  -T

~~ k
’
+~~k

’
~ 

co3hL (k+
~~
k)(h+z)

~ ( k +~~k ) ( ’ ) }

(3 4)

C u 4

& .~~~~~~~~~



Th i s s i r n p l i f i e s to

u. = 
2 ag k

i cosh
• 
k (h +z)

cos (~~~
i 

x • - t)cos (k •x . -~ t)I 
~~ 

k cosn kh 2 I I I

(35)

S i m i l a r l y ,  the p a r t i c l e  velocity in the z—direction , w , i s

o b t a i n e d an d is

~ k.2ag s t n h  k (h+z) I 1~~ Gw = cos(— x • — — t )s in(k.x. —at )cos h kh 2 2 ,

(36)

These  e x p r e s s i o n s  s t a t e  m hat  tne par t i c l e  v e l o c i t i e s  a r e

s i n u s o i d a l  w i t h  a o c r i o d i c a l l y  v a r y i n g  a m p l i t u d e .  The no d u —

a t i n g  wave is of low frequency and w i t h  a wave le na t h that

is much lon ger than those of the o r i g i n a l  two base waves.

‘~be uns teacy ve l o c i t i e s  s p e c i f i e d  by (35) and (36) are

substituted into (5) and the r a d i a t i o n  stress tensor deter-

m i n e d .  T h e t i m e  a v e ra g i n g p r o c e s s  i s c a r r i e d o u t o v er  t h e

shorter period s of the base waves. Sin c e  the m o d u l a t i n g

w ave  i s of  suc h lo w f req u ency , its effects remain in the

solut ion . S p e c i f i c a l l y ,  equation (5) becomes term by term

J c k .k . ~ k •x. ~ k x .
— p , j  

____  
Ac • Acpu . u. du = ~~~~~

- cos ( ~, — — t)cos ( — —~~-- t)I ~ k
2 2

—h
(37)

Mn ere E = ~ pga 2 is the total energy d e n s i t~~, and and c

a re the grou o v e l o c i t y  and ohase v e l o c i t y  r e s p e c t i i e i i ;

~~ c .

J p b z  = pc(9+h) 2 ÷ ~~
. — E (—~- 

— 2)cos 2 (__
~
_!_ x~~— ~~~~~~ t )

— n
3e



4
and the re m a i n i n g  unspec f le d term becomes

M. M. 2 k .k . A k . A k.
I J  I E Ij  I Aa j

— 
= 

— ~~~ 2 c o s (— ~—- :<. — —
~~
- t ) c o s ( — ~-— w . — —

~~
— t)

p (~~+h) p (~~+h) c k

(39)

S u b s t i t u t i n g  (37 ), (38), and (39) into (6), the r a d i a t i o n

s t r e s s  t e n s o r  b e c o m e s :

= E •

~~~~~

- 

k
1~~ cos (~~~L x~~

— ~~ t)cos (— ~~- ~~~~~~~~~~~~~~ 
t)  +

- E(~~~ 
- 2) ~~~~~~~~~ ~~~ ~~ t) (40)

...2 k k .  A k. A k.Aa Ac
— —~~- ~~ ~ CO s (— ~-— x . — — - -  t ) c os (— ~~~

- —

p (~~+h) c k~ 
I

S i n c e  o n l y secon d or d er e f f e c t s  a re  b e i n g cons i d e re d a n d

4 . .

= O (a ) the last term may be neglected. 1+ 5 O C V I O U S

that the oroper c hoice of assumptions w i l l  s i m p l i f y  (4~~

- •  
i m m e n s e l y ,  e.g. cons id er o n l y  the x — d i r e c t i o n  components

in sh a l low water ,

S = LE (~~~
)2÷ E] cos 2~~~~~ x~~

_ 
~~ t) + ,

and i f the waves apor oach the s h o r e l i n e  such that the an g l e

= 0, t n i s  expression furt her reduces to

5 = E l  + cos(A k .x. — sat) + • 
( 4 )

xx I I 2

Li 
-

~~~ 

LA
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This last expression states that the ra d i a t i o n  stress , in

t h i s  c i r c u m s t a n c e , is compose d of a steady stress term and

of one That is p e r i o d i c .

This derived form of the ra d i a t i o n  stress is now used

to f i n d a sol u t i o n  for 9. R e c a l l  i ng equations (10) and

( I I ) , an d as before neg l ecting the f r i c t i o n  term and assum-

ing that the c urrent g r a d i e n t s  in tie x— d i r e c t i o n  are s m a l l ,

the x—co mp on ent of these ex o ressi ons become:

33 xx 
= - -

~ 3x

an d 3M —x + ~~~~~~~~~~
- ~~~~~~~~~~~~~~~~~~

By cross d i f f e r e n t i a ~~i n g, the term can oe e l i m i n a t e d  an d

• 2—
— p .L. + ~~~~[n ~~: 

= — 

3x 2 (42)

is obtai n ed . A s s u m i n g  a f l a t  bottom so tn at h is considerec

c o n s t a n t , (42) becomes

- p ÷ ogh = - ::~ • 
(
~~3)

T h i s i s  o b v i o u s l y  t he  long  w a v e  e q u a t i o n  w h i c h  H b e i n g

~orced by the r a d i a t i o n  stress term. It nas a s o l u t i o n  in

~ r~e homogeneous case of

= a :os (2~c x — A a r )  .x

1~



For a particu l a r  solution , make the assumption that led to

e q u a t i on ( 4 1 ) , i.e., co nsider s h a l l o w  water and ~ = 0. T h en

ass ume a p a r t i c u l a r  s o l u t i o n  of the form

n = A cos (A k x — Aat)+ B s in( A k x — Aat )p x

By su bstituting this into equation (43), the solut ion for A

and B are obtained

EA k 
2

A = — -,
_x 

-,

p (Ao~ 
— ghA k~~)

B = 0 .

The solut ion for 9 is then

1 2
~~ a g

= [a — cos (A k x — Aat) , (4~~)

— gh )
A k 2

x

w h i c h  is a wave w i t h  an am pl itude that i s p r o p o r t i o n a l  to

t ne steady state s o l u t i o n  of Lo ng u e t— H i g~~in s an d S t e w a r t ,

equation (15 ).

I f the same assumptions as be ’ore are made except that

the bottom i s a l l o w e d  to vari as n = mx wne re m is some

co nstant slope , a more d i f f i c u l t  c r o o l e m  is enco u nterea.

Ep uation (42) becomes
T I

2— ~~~
— 2—

—p + pgm -~~~~~
. 1~ p gmx = — 

X ,’( 
•

• at 3x

Tb 1~ equation again ha S he o n a r a c t e n i s t i c s  of the on g w av e

e c u a t i o n  that is b e i n g  ~crce: by the r a d i a t i o n  stress. ~n
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a n a l y tica l s olution of this equat ion would pro vide a genera l

f o r m  f o r  9; h o w e v e r , since the depth is a l l o w e d  to vary with

x , the expression for the ra d i a t i o n  stress term becomes corn—

p 1 icated and ob t a i n i n g  a p a r t i c u l a r  solution for (45) becomes

d i f f i c u l t .

B. WAVE SET DOWN USING THE BERNOULLI INTEGRAL

R e c a l l i n g  that the second method of Lo rig uet—H igg i ns to

d e t e r m i n e  a so l u t i on f o r  r~ r e s u l t e d in the  e c u a t io n

— I — 2 — 2 —2= 
~~~~~~ 

[(u~ + u
y 

— w 

~~=0~~2 ~

a seco nd unsteady sol u t i o n  may be obtained by e p p l y i n ;  ‘he

s i m p l e  wave spectrum. From eq uations (35) end (35) ~~~~~~~~~~,

U ~~~, and ~~
u b ecome

y

2 2  k 2 • A k
— 2 a a x 2 cos h k (hi-z) 2 xu = (—) cos (— x — — )x 

c 
k cos h 2kh 2 2

- 2 a 2g
2 

~~ 2 cosh
2k (h+z) 2 A k y• u = 

~~ - 2 cos 
~
—T— Y — —~~- t) ,

c cos h kh

2 2  . 2 • A k A k—2 a g s i .nh k (hi-z) 2 x= 2 2 • cos (~~~~ x + 2 “ 
—

c cosh  kh -

2 2  k A k

and - ~ 
2k-. 2 - 2 ) = - 

a 
~ 

x 2 2 x  
x- t)2g x y z=O 2c~ 

k

k A k
v 2 / Aa

+(— .) ¼.O S ~—  y —  —~
-. t)k 2

~ A k A k
— tanh~~kh cos~~(~~~~ x + y — 

~- ) }  . (46)
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A g a i n  a s s u m i n g  c~ = 0 so t h a t  kx/k = I , a n d  k y / k  = 0 en d

r e c a l l i n g  that c = g/k tanh kh , (46) becomes

= - ~ [1 + cos (A k x - Act)] .

This solut ion is identica l to the solution of Longuet—Hig—

g i n s  (25 ) except for the unsteady term . The set down

flu ctuates at Aa = a 1 
— 02; w hich is the difference of the

radi a l  frequencies of the two component wave spectrum. Th i s

low frequency o s c i l l a t i o n  is often described as surf beat.

The a m p l i t u d e  of 9 varies f rom twice the a m p l i t u d e  of

(25) when the two base waves are in phase , to z e r o  w hen  t h e

• base waves a re out of phase. Hence the set do wn can be con-

si dered the superposition of a steady component and en

unstea dy component.

C. WAVE SET DOWN ON A SLOPING BEACH

In an effort to more accurately represent s h o a l i n g  wave

t r a n s f o r m a t i o n s , lw a g a k i  [1972]  i m p l i c i t l y  c o n s i d e r s  con-

s t a n t  b o t t o m  slope r e s u l t i n g  in s o l u t i o n s  to the long wave

equation i n v o l v ing the Bessel funct ions. He ob tai n ed f i r s t

order solu tions for Ti and u in terms of the asymptotic form

of the Bessel and Ne umann functions. It seems reasonable

to assume that by incor p orating these s o l u t i o n s  into the

B e r n o u l l i i ntegral , a secon d orcer so l u t i o n  for n can ~e cc—

ta m ed w h i c h  i n c l u d e s  a more r e a l i s t i c  repres entatHn of the

bottom effects. ~ssu m ing s h a l l o w  water c o n d i t i o n s  w i t h  the

deoth g i v e n  by h = mx and progressive waves ,

u = I (;< )sin ot + N
1 (x)cos at] ~1

6)3
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a n d

Ti = ~~ [1 (x )cos at + N (X )sin at] , (49)
0 0

where x2 = ~ 
a~ x The asymptotic expansions of tne Bessel

and Neumann functions are:

2 n7r ir
— ~~~ — cos(w — -

~~
-- —

(50)

/2 . nir if
N (ua ) — V ~ 

s i n (w — —~~— — ~-)

Substi t u t i n g  these expressio ns into (48) and s i m p l i f y i ng

y i e l d s

u = —
~~~ ~~

T[sin (x — — at)] , (S I)

and fro m the kinematic free surface boundary c o n d i t i o n

w— = ~ = _
~- c~

I
~~~ s in (x — — at)] . (52)

Introduc ing the wave spectrum as be f ore , s q u a r i n g  end t i m e

a v e r a g ing the result , produces

- 2 
= 

a2g~~~~~ Ci ~ cos (2~~~ + Aat )] , (53)
X z=O 2mx iTO

a n d

-2 
- 

= 
a a ~~~~~~ 

~~ 
+ cos (~~~~

< + Act)] . ( S 4 )
Z f l  Ygr’I X
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By assuming that is In i n f i n i t e l y  deep water as before ,

tne second order solut ion for 9 is

= - 
x 

~~~ 
- a

2
][l+cos (2~ + Aat) . (55)

D. W A V E  SET UP

Because the nature of the soluti o n  for i~ u s i n g  l i n e a r

theo ry was the superposition of a steady state component and

an unsteady component , it is reasonable to assume that t h i s

c ondition persists across tne breaker l i n e  and the set u~

r e s ul t i n g  in the surf zone from the wave spectrum has a

s i m i l a r  ma keup. The steady state component is then aerived

separately in t he same manner as in Chapter I w i th the

radiatio n stress being now defined as the steady state por-

t i o n  of e q u a t i o n  (4 1 ), or

- 3 -

~xx = E , (0 6)

an d a g a i n

= — kn + C , (57)

where thi s  time the p r o p o r t i o n a l i t y  consta nt is a g a i n

K = ______

3 2

S i n c e  n~ 
= ~~ yH b ,  (57) b e c o m e s

— h )  

~ ~ b ~ (5 8)



The unsteady component is assumed to be per iodic in

character; however , u n l i k e  the higher frequency waves of

the train , observations suggest that it is not attenuated

as it approa ches the shorel ine but is reflected to some

extent. The formu lation is then that of the long wave

equation as given by Stoker [1966],

2— 2 —
3 n 3 h 3h 3r~ —— g ii —~~ — g r I •7;~ ~~~~ 

— U ,

3x

and the so lution is g iven by Guza and Bowen [1977] as

9 = a {J
0(X )sin Act + N0(x)cos Act +

rEJ (X )sin (Aa t—
~~)—N

(
~~)cos (Aat—s ) } (50)

where a is the a m p l i t u d e  of the in c o m i n g  wave (in t h i s  case

a = 

~b~~’ 
r is the reflection coefficient , and a phase

shi ft in the reflected wave. The frequenc y of th i s  wave

must be the same as that of the m o d u l a t i n g  wave c erived cu ’—

side the surf zone or Aa . By su b s t i t u t i n g  ~he as ym c~~ot ic

form of the Bessel an d Neumann functions ,

= 9b~~
/
~~~~~

c05 (x_Aat -~~~)÷  r ccs (X-Aa t-6)} , (S I )

wh ere 8 = -f-c. Since the set up shoreward was ass umed t~ be

a corn oosife of the two so lu ~~ions (53) and (S I) ,

9 = k (i
b
_ h )+n

b Cl  +
~~~~~~ccs (X-Aat- ~~

)+rcos(X-AOt-5~~°}

( 62)
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IV . COMPARISONS

The results obtained here are compare d with the labora-

tory experiments performed by Bowen , et al .[l 968]; Fi g ure 2.

They obtained experimenta l results from a controlled wave

t a n k  e x p e r i m e n t , and in each case onl y  a monochroma tic wave

was considered. Their resul ts compare quite favorably to

the steady state sol u t i o n s  of Long u e t — H i g g i n s  and Stewart

[1962].

Since it was ass umed that the variance of the s i m p l e

wave spect rum was equal to the variance of the monochromatic

w a v e , the derived expressions d i f f e r  from e x i s t i n g  theory by

that amount wh ich is contributed by the m o d u l a t i n g  wave of

the unsteady portion. Comparing L o n g u e t— H i g g i n s ’ s o l u t i o n

(25)

2
—

— I a k
2 si n h  2kh

wi t h  the unsteady s o l u t i o n  (47)

2
= - 

a k r I + cos (AK x -

2 s l n h  2 K h  x —

i t  i s  f o u n d t h a t , by averaging tn e effect of tne uns t eady

compon ent , they  ar e the i d e n t i c a l .  s m e n t i o n e d  e a r l i e r ,

the total effect of the unstead i m cti cn is , in t h i s  case ,

to pro du ce a set down that osc i II  ates c e r i o d i c a l  I / from

twice the steady s o l u t i o n  to :ero times it , i.e., no set

-I - 
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down at a l l .  Thus a group of waves wh i c h  are close in fre-

quency and wavelength may be said to produce in the near

shore region a fluctuation in the mean sea level seaward of

the breaker l i n e .  This is also demonstrated by the unstead y

soluti on obtained by a l l o w i n g  for a slo p ing bottom ,eq u a t i o n

(55). It too consists of a steady component and an osci I let—

ing component.

The i n i t i a l  s olution , eq uation (44), on the other hand

i s  c o m p r i s e d  of o n l y  an o s c i l l a t i n g  c o m p o n e n t .  H o w e v e r , t h i s

s o l u t i on w a s  derived in a s i m p l i s t i c  manner by assuming That

the depth rema i ned constant and by s o l v i n g  the r e s u l t i n g

d i f f e re n t i a l  e q u a t i o n .  W h i l e  t h is demonstrates that the

mea n sea l e v e l  o s c i l l a t e s  in  a w a v e — I i ke  f a s h i o n  w h e n  d r i v e n

by  a g r o u p  of w a v e s , it does l i t t l e  to pr o v i d e  i n s i g h t  into

the near shore reg ion .

The set down can be expresse d in shal low water in terms

of deep water conditions by usin g conservation of energy

f l u x ,

E Cg 
= 4 p ga c

g 
= cons tan i

where I 2~~~~ I 2~~~~~ ~cga 0 2~ 
= pg a 5 ~On

or
2 a 0 a Ia = — ~-—~~~~~~-—--—5

4 -
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The subscript 0 refers to deep water and the subscr ipt s

refers to shal low water. The set down in s h a l l o w  water

by equation (25) is then given by

2 1/2 —3/2
a g (mx )

- 0 -Ill ~~~~~~ 
, ( 6 )

where in s h a l l o w  water s i n h  2kh -
~~ 2kh and h = mx for a con-

stant s l o p i n g  bottom.

The set down derived from l i n e a r  theory can be compared

to that derived from l inear theory fo r a s l o p i ng bot to m ,

equat ion (55) , by also expressing the s h a l l o w  water amp l itude

for s l o p i n g  bottom solutions in terms of deep water condi-

t i o n s . This is acc omplished by patching Stokes solution

at the off shore to the s h a l l o w  ater s o l u t i o n . For a smooth

match it is required that , from Frie d r i c h  [1948],

2a ri2 o
2m

The steady state so l u t i o n  of (55) can now be expressed in

terms of deep water c o n d i t i o n s

- 
= - 

~~~~2 

g~~
/2 (mx )~~

3 /2  + 
a
0
2
a 

(gmx )~~~
/2

= + 
a
0 a (gmx )~~~

’2 
. (54)

m ence , the s l o p i n g  bottom so l u t i o n  r e s u lm s  in s l i g b t y

grea ter set down as compared w i t h  l i n e a r  ‘hecr y. N u m e r i c a l

1



Wave Period 1.14 sec 2.5

= 6.45cm a !
m = 0.082 BEACH 

_.....4 — 2.0

a

/ — 1 .5

a ’

a / — 1.0

a
— 0.5

_ _  

:zT~~~~ /• S Equat ion (64 )

Brea k /
Poi nt / — 4

I BEAC H~../
— 2 

cm

— / — — —-  0

— -2

/ I X (cm) — -4
400 300 200 100

Fig ure 2: Pr ofj Ie o~ Mean Sea Level
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r e s u l t s  of t h e s e  e q u a t i o n s , (3 ) and (64), a r e  p l o t t e d i n

F i gure 2.

Close to the break point , most t h e o r e t i c a l  r e s u l t s  f a i l

to compare favora b l y  w ith the experimental results . Theo ry

increases set down rapi d l y  near the break po i n t  w h i l e  ex-

per imenta l results tend to flatten out. Th i s  is due most

l i k e l y  to the fai lure of l i n e a r  theory to a d eq u a t e l y  d e s c r ib e

brea king waves.

Al t h o ugh s i m p l  istic in form , t h e a p p l i c a t i o n  of  t h e t w o

f r e q u e n c y  w a v e  s p e c t r u m  demons t r a ted  tha t  f l u c t u a t i n g

v a l u e s  a r e  o b t a i n e d f o r t h e set d o w n an d set up p h en o m e n a ,

i.e., ti me dependent s o l u t i o n s  were obtained for these ccn—

c e p t s .  H e n c e , a group of w a v e s , s i m i l a r  in f r e q u e n c y  can

be expected to produce a p er i odic varia ticn in the mean sea

l e v e l whi ch becomes  most  a p p a re n t  wh en t h ey enco unt er a

beach .

38



rw 1iii~

V . CONCLUSIONS

In this stu dy, unsteady solutions for set down and se t

u p were derived using a s i m p l e  two component wave spect rum.

The spect ral wave components were describea u s i n g  l i n e a r

w ave t h eory for both horizontal and s ’ o p i n g  zo toms. The

s l o p i n g  bot tom s o l u t i on i n vo l v i ng  th e B e s s e l ~unc t ion s gave

a s l i g h t l y greater set down comoarec w i t h  of tne

l inear wave theory s o l u t i o n .  However , ::n~~~nsteacy s o l u —

t ions for set down showed , that to at T eas ~ a f rst a o p r o x i —

m a t i o n , a stea dy and a f l u c t u a t i n g  comeonent , t~i e steacy

component b eing i d e n t i c a l  to the e a r l i e r  steady state

so I u t  i on S.

The set down at the breaker I m e  acts as the boundary

con d i t i o n  d r i v i n g  the set up i n s i d e  tne sur f zone. The set

aown s o l u t i o n  showed that the steady and unsteady components

are si m p l y  a d d i t i v e .  Hence , i n s i c e  the s~~rf zone a solu-

tion is composed of the stead y set up ana a long wave , i.e.,

sur f beat , w h i c h  is a riven by the f l u c t ~~3 t i n c  c o n c i t i o n  a~

tne br ea ker I m e .

I
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